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Abstract
We will construct a new fundamental polyhedron for the figure-eight knot group by using the
generators introduced in Sato [I. Kra, B. Maskit (Eds.), The First Ahlfors–Bers Colloquium, in:
Contemp. Math., 2000, p. 271] related to Jørgensen groups.
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0. Introduction
It is well known that the figure-eight knot group is generated by two Möbius
transformations and acts on the upper half space H3 discontinuously. The fundamental
polyhedron for the figure-eight knot group which was constructed by Thurston is well
known (Ratcliffe [3], Thurston [5]). On the other hand, the figure-eight knot group is known
as one of Jørgensen groups of parabolic type. Here we will construct a new fundamental
polyhedron for the group by using the generators introduced in Sato [4] related to Jørgensen
groups. Our fundamental polyhedron for the figure-eight knot group has 18 faces and 39
edges. For the proof Poincaré’s polyhedron theorem is used. See Li et al. [1] for the results
on Jørgensen groups obtained recently.
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1. PreliminaryWe will state here Poincaré’s polyhedron theorem following Maskit [2, pp. 73–78] and
some properties of an isometric hemi-sphere. Poincaré’s polyhedron theorem gives us a
sufficient condition for a subgroup of the Möbius transformation group to be discrete. See
Maskit [2] for notation and terminology, for example, a side pairing transformation, a cycle
transformation, a cycle of edges, and notation P ∗.
Poincaré’s polyhedron theorem. Let P be a polyhedron with side pairing transformations
satisfying the following conditions (i) through (vi). Then, G, the group generated by the
side pairing transformations is discrete and P is a fundamental polyhedron for G:
(i) For each side s of P , there is a side s′ and there is an element gs ∈ G satisfying
gs(s) = s′ and gs ′ = g−1s .
(ii) gs(P ) ∩ P = ∅.
(iii) For every point z ∈ P ∗, p−1(z) is a finite set.
(iv) Let e be an edge and let h be the cycle transformation at e. Then for each edge e,
there is a positive integer t such that ht = 1.
(v) Let {e1, e2, . . . , em} be any cycle of edges of P and let θ(ek) be the angle measured
from inside P at the edge ek (k = 1,2, . . . ,m). Let q be the smallest positive integer
such that hq = 1, where h is the cycle transformation at e1. Then the following
equality holds:
m∑
k=1
θ(ek) = 2π/q.
(vi) P ∗ is complete.
Let X be a Möbius transformation represented by the following matrix:
X =
(
a b
c d
)
,
ad − bc = 1 (a, b, c, d ∈ C, c = 0).
The isometric circle for the transformation X is the set:
{
z ∈C: |cz + d| = 1}.
That is, the isometric circle for the transformation X is the circle that has the center −d/c,
the radius 1/|c|. Especially, the radius of the isometric circle is 1 if and only if |c| = 1. The
isometric hemi-sphere for the transformation X is the hemi-sphere that has the same center
and same radius as the isometric circle of X. The transformation X maps the isometric
hemi-sphere for X onto the isometric hemi-sphere for X−1. This property is helpful to us
when we try to find a fundamental polyhedron.
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2. Conjugation of the groupLet
f =
(
1 1
0 1
)
, g =
(
1 −1
−ω 1 + ω
)
,
h = gf =
(
1 0
−ω 1
)
, q =
(
1 1/2
0 1
)
,
where ω = (−1 + √3i)/2. Then it is well known that the group 〈f,h〉(= 〈f,g〉) is the
figure-eight knot group (Thurston [5]). Hence the group generated by
A := q−1f q and B := q−1gq
is a conjugate group to the figure-eight knot group. We will construct a fundamental
polyhedron for this group 〈A,B〉. By this conjugation we have
A =
(
1 1
0 1
)
, B =
(
(3 + √3i)/4 (−7 − √3i)/8
−e2πi/3 (3 + √3i)/4
)
.
And we set S := ABA−1B−1AB−1A−1B and T := ABA−1B−1, then we have
S =
(−1 −2√3i
0 −1
)
, T =
(
(5 − 3√3i)/4 (−1 − √3i)/8
−eπi/3 (1 + √3i)/4
)
.
The transformations A and S are parabolic, especially these are translations. Both of the
radii of the isometric circles for the transformations B and T are one.
3. The fundamental polyhedron
Fig. 1 shows isometric hemi-spheres for the group 〈A,B〉. These hemi-spheres have
spread on the whole complex plane C. We can “cut” the isometric hemi-spheres to
construct a polyhedron. The left figure of Fig. 2 shows the cutted isometric hemi-spheres.
These cutted isometric hemi-spheres make the “bottom” of the polyhedron. The coordinate
of vertex (5) is (−1/2,√3,1), the coordinate of vertex (6) is (1/2,√3,1), the coordinate
of vertex (7) is (1/2,−√3,1) and the coordinate of vertex (8) is (−1/2,−√3,1).
Fig. 1. Isometric hemi-spheres for 〈A,B〉 on C.
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Fig. 3. Side pairings and cycle relations.
Using Poincaré’s polyhedron theorem, we can show that the polyhedron is a fundamental
polyhedron for the group 〈A,B〉. Clearly the polyhedron satisfies the conditions (ii), (iii),
(iv) and (vi) of Poincaré’s polyhedron theorem. Hence we must check the conditions (i)
and (v).
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Let U := S−1A−1T A, V := A−1T , W := S−1T A, X := S−1T and Y := A−1TA. The
left figure of Fig. 3 shows that the polyhedron satisfies the condition (i). The “side” A,
A−1, S and S−1 are the “vertical” sides and the sides B , B−1, T , T −1, U , U−1, V , V −1,
W , W−1, X, X−1 and Y , Y−1 are the parts of isometric hemi-spheres. The polyhedron
has nine side pairing transformations A, S, B , T , U , V , W , X and Y . The side pairing
transformation A maps the “side A” to the “side A−1”, and the transformation B maps the
“side B” to the “side B−1”, and so on. Clearly the group generated by these side pairing
transformations is the same as the group 〈A,B〉, that is,
〈A,B,S,T ,U,V,W,X,Y 〉 = 〈A,B〉.
The right figure of Fig. 3 shows that the polyhedron satisfies the condition (v). The
polyhedron has twelve cycle relations, for example,
(1,1) A−→ (1,2) S−1−→ (1,3) A−1−→ (1,4) S−→ (1,1)
is a cycle relation. Since the transformation SA−1S−1A is the identity, the order of
SA−1S−1A is one. And the sum of angles of this cycle relation is π/2+π/2+π/2+π/2 =
2π = 2π/1. By the same way as above we have the another eleven cycle relations.
Hence this polyhedron is a fundamental polyhedron for the figure-eight knot group.
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